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ABSTRACT 
A Rao-regular matrix and the Rao idempotent of a matrix over a commutative ring 
are defined. We prove that a matrix A over a commutative ring is regular if and only if 
A is a sum of Rao-regular matrices with mutually orthogonal Rao idempotents. We find 
necessary and sufficient conditions for a matrix to have group inverse over a commutative 
ring. Also, we give a method for computing minors of reflexive g-inverse whenever it 
exists. 
1. INTRODUCTION 
K. P. S. Bhaskara Rao in [3] characterized regular matrices over an integral 
domain and in [4] characterized regular matrices over a commutative ring with 
trivial idempotents. In Remark 13 of [3] he also raised the problem of character- 
izing regular matrices over a commutative ring A. In Section 2 of this paper we 
shall solve this problem when A is a commutative ring with identity. In Section 
3 we shall find some necessary and sufficient conditions for a matrix to have a 
group inverse and also give a formula to compute minors of reflexive g-inverses 
of regular matrices over commutative rings with identity. That the ring must have 
identity is not a real restriction, since by embedding the given ring in a ring with 
identity and slight modification in the proofs one can show that our results hold 
for all commutative rings. 
Throughout this paper we shall consider A to be a commutative ring with 
identity. 
DEFINITION. An m x n matrix A over A is called regular if there is a matrix 
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G such that 
AGA = A. 
Such a G is called a g-inverse of A. A g-inverse G is called a reflexive g-inverse 
if GAG = G. For a square matrix A, a reflexive g-inverse G is called a group 
inverse if AG = GA. 
Now we shall recall some notation. 
Let A be an m x n matrix, and Qk,n denote ordered r-element subsets of 
{1,2,..., n), where k is an integer between 1 and n. p(A) denotes the determi- 
nental rank of A. Let Z = {il, i2, . . . , i,) and .Z = {jl, j2, . . . , jr} be r-element 
subsets of (1,2,. ..,m} and {1,2,, .., n} respectively. A$ denotes a submatrix 
of A, determined by rows indexed by Z and columns indexed by J. If A is a 
square matrix, 1 Al denotes determinent of A. Let (Y E U&, m and /3 E Qk+ ,,; then 
(a/a AZ) 1 Al denotes the cofactor of 1 A; I in the expansion of ) Al. C,(A) is the rth 
compound matrix of A. In this paper I, J, K, L, M, and N are assumed to be 
r-element subsets of { 1,2, . . . , m} or { 1,2, . . . , n}, as the case may be, without its 
being stated explicitly. For the properties of compound matrices which we require, 
see [l], [2], and [3]. 
2. CHARACTERIZATION OF REGULAR MATRICES 
Bapat and Robinson [2] characterized matrices over a commutative ring with 
identity which have Moore-Penrose inverse. In this paper we shall obtain a similar 
characterization for regular matrices over A. 
Bhaskara Rao [4] proved that for a matrix A of rank r, if there exists a linear 
combination of all r x r minors which equals an idempotent e such that eA = A, 
then A is regular. We shall show that A is regular if and only if A is a sum of regular 
matrices of this type. Since [4] is unpublished, we shall reproduce the theorem and 
its proof as given in [4]. This is done with the permission of Professor Bhaskara 
Rao. 
THEOREM 1. (Bhaskara Rao [4]) Let r be the determinantal rank of a nonzerO 
matrix A over a commatative ring A with identity In the following, (i) + (ii) + 
(iii) + (iv) e (v) =+ (vi). rf0 and 1 are the only idempotents in A, then 
(vi) =+ (i). 
(i) There exist (ci} in A such that cIJ c: IA: I = 1. 
(ii) There exist {c:} such that aij (CrJ C: I A: I) = aii for all i, _i. 
(iii) A is regular: 
(iv) C, (A) is regular: 
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(v) There exist {cf }in A such that IA: I(cIJ cf IA: I) = IA? I. 
(vi) There exist {cf }in A such that CIJ cf IA: I is a nonzero idempotent. 
Znfact if(ii) holds, G = (gji) obtained by 
(1) 
is a g-inverse of A. 
Proo$ (i) + (ii) is obvious. 
(ii) + (iii) is essentially (iii) =k (i) of Theorem 8 of [3]. 
(iii) + (iv) is (i) =+ (ii) of Theorem 8 of [3]. 
(iv) e (v) follows from Lemma 9 of [3]. However, the proof of Lemma 9 
given in [3] does not hold for rings which have zero divisors. One has to resort to 
a result given on p. 185 of [9]. 
(v) =+ (vi): The idempotence of the sum is clear. It is also nonzero, because 
there is an r x r minor ]A:] # 0. 
(vi) + (i) in case A has only idempotents 0 and 1 is clear. n 
This theorem in particular characterizes regular matrices over a commutative 
ring with trivial idempotents. Over an arbitrary commutative ring the implications 
cannot be reversed, as has been seen in [4]. Thus the above theorem gives some 
necessary and some sufficient conditions for a matrix A_ to be regular. 
REMARK 1. Suppose A is an m x n matrix with determinental rank p(A) = r, 
and there exist {ci} such that aii(x,J c: IA: I) = aij for all i, j. Since any r x r 
minor IA; I is a linear combination of aij’s, we get that 
IA;1 ~+:I = lAfl 
IJ 
and CrJ ci IA: I is an idempotent. 
In the following example we can see that (vi) + (ii) does not hold in general. 
EXAMPLE I. Over Z6, 
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of rank 2 is regular, because 
G=(_i I; -1) 
is a g-inverse of A. But 
and there does not exist { ci ) in z6 satisfying condition (ii) of the above theorem, 
though A is a regular matrix. 
DEFINITION. We say an m x n matrix A of rank r is Rao-ragular if there exist 
{c:} in A such that 
(2) 
In this case we shall call the quantity x1 J cf IA: I a Rao-idempotent of A (in fact, 
by Remark 1 it is clear that the quantity is an idempotent). 
We have chosen the above terminology because Bhaskara Rao in [3] and [4] 
was the first one to give a characterization of regular matrix in terms of linear 
combination of its minors. For convenience we shall denote C,, c/IA’,1 by 
REMARK 2. Clearly, from (ii) =+ (iii) of Theorem 1, a Rao-regular matrix is 
regular. Also, for a regular matrix A of rank 1 with a g-inverse G it can be seen 
easily that Trace(AG) is a Rao idempotent of A and hence A is Rao-regular. But 
a regular matrix need not be Rao-regular in general, and this can be seen in the 
above Example 1. 
REMARK 3. From the definition, it is clear that a Rao idempotent of an m x 
II matrix of rank r is an idempotent obtained from a linear combination of r x r 
minors, and that an ideal generated by this idempotent contains every (i, j)th 
element of A. 
In the following lemma we shall see that the Rao idempotent for a matrix is 
unique whenever it exists, and in Remark 4 we give a method of finding Rao 
idempotents. 
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LEMMA 2. The Rao idempotent ofa Rao-regular matrix is unique. 
Proo$ Let A be an m x n Rao-regular matrix with rank r. Let E&,(A) and 
l$,,(A) be any two Rao idempotents of A. Then we get that 
I 
~;c;~WG(A)) = G(A), (3) 
E;d:)(A)(C&O) = C,(A). (4) 
Postmultiplying (3) by the matrix (d:) and taking traces on both sides, we get 
E&(A) Trace[C,(A)(d:)] = Trace[Cr(A)(&)], 
i.e., 
Similarly, starting with (4), we get that 
This gives us that E;d,,(A) = Q,(A). Thus we get the uniqueness. n 
I 
We shall denote the Rao idempotent of A by Z(A) whenever it exists. 
REMARK 4. If A is a Rao-regular matrix with Rao idempotent E&,(A), the 
definition gives us that E&,(A)A = A, which in turn gives us that 
E;c;,(A)CJA) = C,(A). 
But, since the rank of C,(A) is one and E&, (A) = E,!!:,(C,(A)), we get that 
C,(A) is Rao-regular and Z(A) = Z(C,(A)). As we noted in Remark 2, if (d:) 
is any g-inverse of C,.(A), then Trace [C,(A)(d[)] is a Rao idempotent of C,.(A) 
and A. 
REMARK 5. If G is a g-inverse of a Rao-regular matrix A, then C,(G) is a 
g-inverse of C,(A) and we get that 
(c IG:ll4l)l~~l = IALKI. 
IJ 
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By uniqueness we get that CIJ IGil IA51 = T(Cr(A)), which equals Z(A). 
So for any g-inverse G of a Rao-regular matrix A of rank r, we get that 
Z(A) = Cr., I(--# I+. F rom this it follows that AG and GA are Rao-regular 
and Z(AG) = Z(A) = Z(GA). 
Now we shall see some important properties of the Rao idempotent of a Rao- 
regular matrix. 
LEMMA 3. Let A be an m x n Rao-regular matrix of rank r, and G be a reflexive 
g-inverse of A (i.e., G is a g-inverse satisfying the condition GAG = G). Then 
G is also a Rao-regular matrix with T(G) = Z(A). 
Proof Let G be a reflexive g-inverse of A. From Remark 5, Z(A) = 
CIJ IGil IA$I. Since p(A) = p(G), we get hat E;,cJ,J(4 = E&,)(G) and 
I I 
E;IA, I) J (G)A=A. (5) 
Since GAG = G, from (5) we get that 
E;,A,,)W)G = E;,A~,+G)GAG = G. 
I I 
Hence G is a Rao-regular matrix with Z(G) = E{,A, )(G), which is same as 
1 
the Rao idempotent of A. W 
Now we shall prove the main result of this section. 
LEMMA 4. Let A be an m x n regular matrix of rank r over A Then there 
exist Rao-regular matrices Ak each of which is either a zero matrix or of rank k 
with orthogonal Rao idempotent, for k = 1,2, . . . , r, such that 
Further, such a decomposition is unique. 
Proof If A is a zero matrix, then A is trivially a Rao-regular matrix. So 
we shall consider nonzero regular matrices, and we shall prove this theorem by 
induction. If r = 1, the result is trivial by Remark 2. Let us assume the validity 
of the result for regular matrices of rank 5 r - 1 and prove the result for regular 
matrices of rank r. Let A be a regular matrix of rank r. Clearly C,(A) is also 
regular, and hence by (iv) =+ (v) of Theorem 1 there exist {ci }n A such that 
E{e:, (A) = CrJ c{ IA: 1 is an idempotent such that 
E;&Wr(A) = C,(A). 
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Since E;c:,(A) is an idempotent obtained from r x r minors, it can be verified 
easily that E&j(A)(A) is a Rao-regular matrix of rank r with Z(Q) (A) . A) = 
E;c;, (A) = z(Cr (A)) and 
Since E&,(A) = Elc:)(C,.(A)) is the Rao idempotent for C,(A), we get that 
and hence C,([l - E&,(A)]A) = 0. So the rank of [l - E;cJ,(A)]A must be 
less than r. Since [l - E&,(A)]A is a regular matrix of rank less than r, by 
our assumption of the result for matrices with rank < r, there exist Rao-regular 
matrices A, _ 1, . . . , Al each of which is either a zero matrix or of rank k with 
orthogonal Rao idempotent such that 
[l -E;&+ = A,-1 +...+Al. 
Since Z(Ai)Z(Aj) = 0 for i # j and i, j # r, we get that Z(Ai)[l - 
EL ,)(A)A] = Ai and henceZ(Ai)[l -EL ,)(A)A] = Z(Ai) for i < r. Therefore 
Z(CA,)Z(Ai) = 0 for i # r, and hence we ;ave the first part of the theorem. 
Now we shall prove the second part of the theorem. 
Note that for any two orthogonal idempotents ei , e2 and square matrices P, Q, 
IelP + ezQl = elIPI +ezlQl. 
Let 
A = A, + A,_1 +. . . + Al 
and 
A = B, + B,_l + . . . + B1 
be any two decompositions satisfying the first part of the lemma. Since p(A, _ I+ 
... + Al), p(B,-1 + ... + Bl) 5 r, and I( = 0, Z(B,)Z(Bi) = 0 
for i # r, we get that C,(A) = C,(Al) = C,(Bl) and hence Z(A1) = Z(B1) = 
Z(C,(A)); also, A, = B, = Z(C,(A))A. So the uniqueness can be proved easily 
by induction. n 
THEOREM 5. Let A be an m x n matrix of rank r over A Then A is regular if 
and only if there are Rao-regular matrices Ak each of which is either a ZerO matrix 
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or of rank k with orthogonal Rao-idempotents, for k = 1,2, . . . , r, such that 
A= A,+A,_l+...+Al. 
Such a decomposition is unique. 
Proo$ The “only if’ part of the theorem has been proved in Lemma 4. 
‘W’part: LetA = A,+A,_l+. . . + A 1 be the sum of Rao-regular matrices 
with orthogonal idempotents. Since Ak, k = 1,2, . . . , r, are Rao-regular, each 
Ak has a g-inverse. If G’k is a g-inverse of Ak, then Z(Ak)G’k = Gk is also a 
g-inverse of &. Since Z(Ai)Z(Ai) = 0 for i # j, we get that AiGj = 0 for 
i #j. Sofor 
G= G,+G,_l+... +G1 
we get that 
AGA = A. 
Hence A is regular. n 
REMARK 6. If A is a Rao-regular matrix with a g-inverse G, then from Remark 
5 we have that Z(A) = Z(AG) = Z(GA). Also, if A is any regular matrix with 
decomposition A = A, + A, _ I+ . . . + A1 and if G is a g-inverse of A, then AG 
and GA also have decompositions 
AG = A,G+A,_lG+... +AlG 
and 
GA= GA,+GA,_l+... +GAl. 
REMARKS. By Theorem 5, it can be seen easily that for a regular matrix A 
with decomposition A = A, + A, _ 1 + . . . + A 1, if G is a reflexive g-inverse of 
A, then G also has a decomposition 
G= G,+G,_l+... +Gl, 
where Gk = Z(Ak)G fork = 1,2, . . . , r. In fact if Gk is a reflexive g-inverse of 
&fork= l,2,..., r,wecangetthatG = G,+G,_t+... +Gtisareflexive 
g-inverse of A. 
COROLLARY 6. Let A -be an m x n matrix of rank r over A Then A has a 
Moore-Penrose inverse ({ 1,3)-inverse, { 1,4)-inverse, group inverse whenever A 
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is a square matrix) if and only if A is the sum of Rao-regular matrices 
A= A,+A,_l+... +A1 
such that each Ak has a Moore-Penrose inverse ({ 1, 3}-inverse, { 1,4}-inverse, 
group inverse whenever A is a square matrix) and Ak, k = 1,2, . . . , r, have 
othogonal Rao idempotents. 
Proof is immediate from Theorem 5 and Remarks 6 and 7. 
3. EXISTENCE OF GROUP 
REFLEXIVE g-INVERSE 
INVERSE AND MINORS OF 
For matrices over a field, Miao [5] has given a formula for computing the 
minors of the reflexive g-inverse of any matrix. A purpose of this section is to 
extend this result to regular matrices over a commutative ring. We need techniques 
other than that of [5], since over a general commutative ring every regular matrix 
need not have a rank factorization. In the process of our proof we shall characterize 
the matrices over any commutative ring which have a group inverse. 
In [l], it has been proved that if G = (gij) is any reflexive g-inverse of a 
regular matrix A of rank r over an integral domain, then 
where Z E Qr,,, and J E Q,,,. But over an arbitrary commutative ring, the above 
formula does not hold for every reflexive g-inverse G of a regular matrix A. In 
the following example, we find a reflexive g-inverse of a matrix which is not a 
Rao-regular matrix and cannot be computed by the above method. 
EXAMPLE 2. Over 212, 
1 0 
A= 0 4 ( > 
is an idempotent matrix, and it is a reflexive g-inverse of itself. Since 1 Al is 4, we 
get that the matrix G = (grj) obtained by the above formula is a multiple of 4, 
and A cannot be G. 
In this section we shall prove that every reflexive g-inverse of a Rao-regular 
matrix can be obtained by the above method. 
The following result from [2] is very useful in proving many results of this 
section. 
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THEOREM 7. (Bapat and Robinson [2J) Let 
be an (s + r) x (s + r) matrix over A with dete~~~nta~ rank r. Then 
= det(--P) det S. 
In Theorem 1 we have seen that every Rao-regular matrix is regular and a 
g-inverse can be obtained by (1). Whenever a matrix A of rank r is regular, by 
the properties of compound matrices it is obvious that kth (1 5 k 5 r) compound 
matrix of A is regular. In the following theorem we shall see that a g-inverse for 
C&A) can be computed similarly to (l), whenever A is Rao-regular. This result 
is useful in proving the main results of this section. 
THEOREM 8. Let r be the determinantal rank of a nonzero matrix A, and 
let Z(A) = e exist. If (ci} are in A such that cIJ cfIA$l = Z(A), then for 
1 5 k 5 r, Ck(A) is regular and the matrix (d!) obtained by 
is a g-inverse of Ck(A). 
This can be proved similarly to (ii) =+ (iii) of Theorem I by using Theorem 7. 
Now we shall prove a lemma which is useful in proving the main results of 
this section: 
LEMMA 9. Let A be an m x n Rao-reguZar matrix of rank r with Z(A) = e 
over A. Let c: E A, I E or,*, and J E Q,, such that CIJ c:lA:l = e and 
p(ci) = 1. Then G = (gij) obtained by 
(7) 
is a re~exive g-inverse of A. 
Also, for 1 5 k 5 r, Ck(A) is regular, and the matrix D = 
4 = cc:&A:I 
IJ LJ 
(8) 
is a rejexive g-inverse of ck (A). 
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Proo$ From Theorem 1 it is clear that G = (gii) obtained by 
is a g-inverse of A and gije = gij. Consider 
(GAG)ij = C gikaklglj 
k.1 
IfK=(k1,k2,... ,k,)andj =kpforsomel 5 j 5 r,writesgn(j, K) = (-1)P. 
K- Ij) By taking P = A J_ tlj , Q = AK-(‘), R = A;+), and S = Ai in Theorem 7, 
we get that 
so 
C SgnW, Z)sgn(i, J> IA:IF! 1sgn(k, I) sgn(l, L) Ukl 
k.1 
x sgn(j, K) sgn(l, L) IA:$‘I = IAil sgn(j, K) sgn(i, J) IAF$)I 
and hence 
c k, &lA:lak$$Afl = IAiI&IA:\- 
Therefore. 
(GAG)ij = C c:c~IALIT&IA:I. 
IJKL I’ 
Since p(ci) = 1, we get that cfck = c$cF and 
(GAG)ij = 
= gije = gij. 
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So G is a reflexive g-inverse of A. The proof of the second part is similar. 
w 
Now we shall give a necessary and sufficient condition for a Rao-regular matrix 
to have a group inverse over an arbitrary commutative ring. 
THEOREM 10. Let A be an n x n Rao-regular matrix of rank r with Z(A) = e. 
Then A has a group inverse ifand only ifxr IA! 1 (i.e., tr C,(A)) is regular such 
that (Cr IA:I)& IA:I>- = e for any choice of (XI IA:I)-, a g-inverse of 
(XI IA:I>. 
In fact, in such a case G = (gtj) given by 
(9) 
is the group inverse of A. 
Also, the matrix D = (d!) (a! E a&, ,,, , /3 E Qk, ,,) given by 
is the group inverse of Ck(A). In particular, by the uniqueness of the group inverse 
whenever it exists, di = IG{I. 
Proof Let G be the group inverse of A. Then G = G2A and Z(A) = 
CrJ IGfI IA$l such that 
WIA:( = \A:[ for all I, J E Q, n. (11) 
Therefore 
I(A) = 1 j(G2A):j [A$[ 
= & IGil IGZI IA41 I4 forall K, L E Q,“. 
IJKL 
Since p(G) = p(A) = r, we get that 
Z(A) = (x I@,) (x ,A;,) (x,@I IA:,) (12) 
= (&I) (&:). J’L (13) 
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So by (11) and (13) we get that 
F IQ= (7 IWI) (c IW) (7 14). (14) 
Observe that if an element a is regular over A and gt and gz are g-inverse of a, 
we get that 
ag1 = q2q1 = q1ag2 = ag2. 
So, from (13) and (14) we get that (XI IAil) is regular over A such that 
(Cr IA: I)& IA: I)- = Z(A) for any choice of CC1 IA: I)-. 
Conversely, let u = Cr IA: I be regular such that UU- = e = Z(A) for any 
choice of U- a g-inverse of u. Then it can be seen easily that 
Z(A) = (u-)* (c IA:I) (x IA; I) = W2 c IA:1 IA:I- (15) 
I J IJ 
By Lemma 9, the matrix G = (ai) obtained by 
is a reflexive g-inverse of A. Now we shall verify that G is a commuting g-inverse 
ofA. 
For 1 5 i, j 5 n, 
(AG)ij = Cuikgkj 
k 
= xaik(U-)2 C IA:I&IA~I 
k IJ: jet 
= (u->2 (. IJTE, 141 IPJ+Y ) 
= (u-)2 C IA!-{i)+(j)1 IA51 
IJ:iEI 
= (u-j2 F”kj C l~5l&l~fl) 
( IJ:ieZ 
= c gikgkj 
k 
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Hence G is the group inverse of A. The second part of the theorem is similar to 
the first part. W 
REMARK 8. If A is a regular matrix of rank 1, we can see that A has a group 
inverse if and only if Trace A is regular such that (Trace A)(Trace A)- = Z(A). 
In this case [(Trace A)-]‘A is the group inverse of A. 
In the following example we shall see that over an arbitrary commutative ring, 
“Trace C,(A) is regular” is not a sufficient condition for the existence of a group 
inverse of a Rao-regular matrix (in fact, of any matrix) A. 
EXAMPLE 3. Over 26, 
is a Rao-regular matrix with Z(A) = 1, p(A) = 1 such that TraceA = 3, which 
is an idempotent. But this A does not have a group inverse. For, if G is a group 
inverse of A, from (13) we get that 3 Trace G = 1, which is not possible over 26. 
REMARK 9. In general, whenever a Rao-regular matrix A has a group inverse 
then C,(A) has a group inverse, and by Remark 8, C,(A)+, the group inverse of 
C,(A), is {Trace [C,(A)]-}*C,(A) . It can be easily seen that 
Hence by Theorem 11, for a Rao-regular matrix A the following are equivalent: 
(i) A has a group inverse. 
(ii) C,(A) has a group inverse. 
(iii) Trace C,(A) is regular such that [Trace C,(A)][Trace C,(A)]- = Z(A). 
COROLLARY 11. Let A be a matrix of rank r over A If G is the group inverse 
of A, then G is a polynomial in A over d 
Proofi First we shall consider a Rao-regular matrix A of rank r and let G be 
MATRICES OVER COMMUTATIVE RINGS 49 
the group inverse of A. Now consider the characteristic polynomial of A, which 
is of the form 
~fl+C*)Ln-l+...+Cr~Ln-r, (16) 
where Ck = (- l)k Trace Ck(A) for 1 5 k 5 r. By the Cayley-Hamilton theorem 
we get that 
An +qA”-’ +...+~,A”-~zo (17) 
and 
c,A 
n--r - =An+c,A”-l+...+c,_IAn-r-l (18) 
By (13) we obtain that 
Trace C,.(A) Trace C,(G) = Z(A) (19) 
So (-l)‘+‘TraceC,(G) x (19) gives that 
An-‘=pgA”+plAn-l+...+p,_lAn-r-l, (20) 
where pc = (-l)‘+‘TraceC,(G) and for 1 5 k 5 r - 1, Pk = 
(- l)r+ ‘[Trace C,.(G)]ck. By using properties of group inverse G from (20) we 
obtain that 
G = pr-,poA’-’ +(po+~r-~p~)A~-~+...+(pr-~)~A. (21) 
Hence we get that the group inverse of Rao-regular a matrix A is polynomial in A 
over A. 
In general, if A has a group inverse, trivially A is regular and 
such that each & has group inverse and &, k = 1,2, . . . , r, have orthogonal Rao 
idempotents. Also, if G is the group inverse of A, by Corollary 6 and Remark 7 
we get that G has a decomposition 
such that Gk is the group inverse of Ak = I(A Therefore Gk is polynomial 
in A, and hence A is polynomial in A over Z(A). n 
REMARK 10. Let A be an m x n Rao-regular matrix of rank r with Z(A) = e 
over A, and let G be a reflexive g-inverse of A. Then clearly p(G) = p(A) = r 
and p(C,(G)) = I. Also, CIJ IG: 1 IA:1 = e = Z(A). By putting cf = [@I, 
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Lemma 9 gives that H = (hji) obtained by 
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is a reflexive g-inverse of A. 
In the following theorem we shall prove that H = G in case A is Rao-regular 
matrix. 
THEOREM 12. Let A be an m x n Rao-regular matrix of rank r with Z(A) = e, 
and let G = (gij), be a reflexive g-inverse of A. Then 
Also, for any k = 1,2, . ..,r,a!E~k,m,andBE~k,n, 
(22) 
Pro05 Define AC = E = (eij). By Remark 5, we get that Z(A) = Z(G) = 
Z(AG) = Z(GA) = Trace C,(AG). Then from Theorem 10 we get that 
(AG)/cj = 1 J(AG)~I&I(AGJ:I 
I. J I 
= c I(Wl 
I,J:jeI 
Since G = GAG, 
gij = Fgik C I(AG){I 
I. J: j E I 
&I(4 
&w:I (24) 
I 
= C I(AG)f) C gik&I(AG):I. 
I,J:jd k:kEJ j 
Note that for all Z for which j E I and any J, 
c gik&J(AG)$I = IK:I, 
keJ 
(25) 
(26) 
where K is a matrix obtained from AC by replacing the jth row of AC with the 
ith row of G. Let B be a matrix obtained from A by replacing the jth row of A 
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with a row matrix (0 . . . 1 . . . 0) with kth entries zero for k # i and ith entry 1. 
It can be easily seen that K = BG and hence 
If4 = & j$I4 IW I’ 
for all Z for which j E I. Therefore, 
gij = , &,, P4l I(AG&4 
= ‘C IGl&‘4 
Ii 
(27) 
(28) 
(29) 
(30) 
Hence the proof of the first part. The second part of the theorem can be proved 
similarly. n 
REMARK 11. The above theorem generalizes Theorem 3 of [5] and Theorem 
9 of [7] to Rao-regular matrices over an arbitrary commutative ring. 
Now we shall describe a method of computing I Gz I for any reflexive g-inverse 
G of a regular matrix A over a commutative ring. By Theorem 5, a regular matrix 
A has decomposition 
where&, k = l,2,. . . , r, are Rao-regular matrices with orthogonal idempotents. 
If G is reflexive g-inverse of A, then G also has a decomposition 
such that Gk is reflexive g-inverse of & for k = 1,2, . . . , r. Since Z(Gk), k = 
1,2,..., r, are orthogonal, we get that 
IG;l = c I(Gk);I- 
Compute I(G); ( using (23), and I GF I is immediate. 
52 K. MANJUNATHA PRASAD 
REFERENCES 
R. B. Bapat, K. P. S. Bhaskara Rao, and K. Manjunatha Prasad, Generalized inverses 
over integral domains, Linear Algebra Appl. 140: 181-196 (1990). 
R. B. Bapat and Donald W. Robinson, The Moore-Penrose inverse over a commuta- 
tive ring, Linear Algebra Appl. 177:89-103 (1992). 
K. P. S. Bhaskara Rao, Generalized inverses of matrices over integral domains, Linear 
Algebra Appl. 49: 179-189 (1983). 
K. P. S. Bhaskara Rao, Generalized inverses of matrices over rings, unpublished. 
Jianming Miao, Reflexive generalized inverses and their minors, Linear and Multi- 
linear Algebra 35: 153-163 (1993). 
K. Manjunatha Prasad, Generalized Inverses of Matrices over Rings, Ph.D. Thesis 
submitted to ISI. 
K. Manjunatha Prasad and K. P S. Bhaskara Rao, On bordering of regular matrices, 
submitted for publication. 
K. Manjunatha Prasad, K. P. S. Bhaskara Rao, and R. B. Bapat, Generalized inverses 
over integral domains II, Linear Algebra Appl. 146:31-47 (1991). 
T. Muir, A Treatise on the Theory of Determinants, Dover, 1960. 
Received 28 January 1993;$nal manuscript accepted 13 November I993 
